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Abstract. We consider the multidimensional Newton-Einstein equation in static 
electromagnetic field 

\o'. ^ 

p = F(x, x), x) = — Vy(x) H — i?(x)x, 

<^ ■ • ^ J ^ f \ 

^ ■ X . dp . dx 1 d [*) 

where V G C^(]R'^, M), B{x) is the d x d real antisymmetric matrix with elements 
: B,Mx) = al-Afc(x) - ^A,(x), and |a^A,(x)| + \diVix)\ < + |x|)-(-+I^D 

OO [ for X G M"^, IjI < 2, i = and some a > 1. We give estimates and asymptotics for 

^ ■ scattering solutions and scattering data for the equation (*) for the case of small 

\0 ■ angle scattering. We show that at high energies the velocity valued component of 

^ . the scattering operator uniquely determines the X-ray transforms PW and PBi^k 

Q ! for i,k = l..d, i ^ k. Applying results on inversion of the X-ray transform P we 

^ I obtain that for d > 2 the velocity valued component of the scattering operator 

Q-c at high energies uniquely determines {V,B). In addition we show that our high 

r-| ■ energy asymptotics found for the configuration valued component of the scattering 

, operator doesn't determine uniquely V when d> 2 and B when d = 2 but that it 

^ \ uniquely determines B when d>2>. 

> ' 

•i-H . 

H ! 1 Introduction 

1.1 The Newton-Einstein equation. 

Consider the multidimensional Newton- Einstein equation in static electromagnetic 
field ^ 

p = F(x,x), F(x,x) = — Vy(x) H — B{x)x, 

c 

* P = ^,x = ^,xeC\R,m% ^'-'^ 



p 



^ _ |x|2 dt dt 



where V G C2(R'^,M),S( x) is the d X d real antisymmetric matrix with elements 
S.,fc(x) = £-Ak{x) - g|^A,(x), A= (Ai,...,Ad) G C2(M^M'^) and 

\diA,{x)\ + \diVix)\ < /3|,|(1 + |x|)-("+l^-|) (1.2) 
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for a; e R , \j\ < 2, i = l..d and some a > 1 (here j is the multiindex j e 
(N U {0})'', IjI = Yln=ijn (^\3\ positive real constants and B(x)x = 
(Ylf^i Bi^i{x)xi, . . . , Ylf^i ^d,l{x)xi^). The equation (1.1) is an equation for 

X = x{t) and is the equation of motion in R'^ of a relativistic particle of mass 
m — 1 and charge e = 1 in an external electromagnetic field described by V and 
A (see [E] and, for example, Section 17 of [LL2]). In this equation x is the position 
of the particle, p is its impulse, F is the force acting on the particle, t is the time 
and c is the speed of light. 

For the equation (1.1) the energy 

is an integral of motion. Note that the energy E does not depend on A because 
the magnetic force {l/c)B{x)x is orthogonal to the velocity x of the particle. 

1.2 Yajima's results. 

Yajima [Y] studied in dimension 3 (without loss of generality for the case of di- 
mension d > 2) the direct scattering of relativistic particle in an external electro- 
magnetic field described by four vector {V{x),A{x)) where the scalar potential V 
and the vector potential A are both rapidly decreasing. We recall results of Yajima 
[Y] in our case. We denote by Be the euclidean open ball whose radius is c and 
whose centre is 0. 

Under the conditions (1.2), the following is valid (see [Y]): for any {v-, x_) G 
Be X R'^, V- 7^ 0, the equation (1.1) has a unique solution x e C^(]R, R'^) such 
that 

x{t)=v-t + x-+y-{t), (1.3) 

where y-{t) — > 0, y~{t) 0, as t —>■ — oo; in addition for almost any {v-,X-) e 
Be X R'', V- ^ 0, 

x(t) =^;+t + a;++y+(t), (1.4) 

where vj^ ^ 0, |f+| < c, f + = a(f_,a;_), xj^ = 6(f_,a;_), y+{t) — >• 0, y+it) 
0, as t — > +00. 

The map S : BcXR'^ ^ BcXR"^ given by the formulas 

v+ = a(v_, a;_), a;+ = 6(f_, a;_) (1-5) 

is called the scattering map for the equation (1.1). The functions a(f_,a;_), 
6(v_, a;_) are called the scattering data for the equation (1.1). 

By V{S) we denote the domain of definition of S"; by 7^(5") we denote the 
range of S (by definition, if [v-, X-) G 'D{S), then t;_ 7^ and a{v_, x_) 7^ 0). 

Under the conditions (1.2), the map S has the following simple properties 
(see [Y]): V{S) is an open subset of Be x R'^ and Mes{{Be x R%V{S)) = for 
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the Lebesgue measure on Be x induced by the Lebesgue measure on xW^; 
the map S : ^^{S) — > TZ{S) is continuous and preserves the element of volume, 
a(f _, = w^. 

1.3 ^ representation of the scattering data. 

If V{x) = and B{x) = 0, then a(t;_,x_) = b{v-,X-) = x_, G 
i?c X M'', V- 0. Therefore for a{v-,X-), b{v-,X-) we will use the following 
representation 

u {v^,x^)eV{S). (1.6) 

0{V-, X-j =X- + Osc{V-, X-j 

We will use the fact that, under the conditions (1.2), the map 5' is uniquely 
determined by its restriction to M.{S) — V^S) fl where 

M = {(v_, x_) eBcX R'^lv- 0, v_x_ = 0}. 

This observation is completely similar to the related observation of [Nol] , [Jo] and 
is based on the fact that if x{t) satisfies (1.1), then x{t + to) also satisfies (1.1) for 
any to e IR. 

1.4 X-ray transform. 
Consider 

TS^^-i = {(6/, x)\6 e §^"\ X e R"^, Ox = 0}, 

where E>'^~^ is the unit sphere in M'^. 

Consider the X-ray transform P which maps each function / with the proper- 
ties 

/ e C(]R'',M"^), |/(a;)| = 0(|a;|-^), as |a;| ^ oo, for some P > 1 
into a function Pf e C(T§'^-\ M"'), where Pf is defined by 

/ + 00 
f{te + x)dt, {e,x) e TS'^-K 
-oo 

Concerning the theory of the X-ray transform, the reader is referred to [GGG], 
[Na], [Nol]. 

1.5 Main results of the work. 

The main results of the present work consist in the small angle scattering estimates 
for the scattering data age and bgc (and scattering solutions) for the equation (1.1) 
and in application of these asymptotics and estimates to inverse scattering for the 
equation (1.1) at high energies. Our main results include, in particular, Theorem 
1.1, Propositions 1.1, 1.2, formulated below in this subsection and Theorems 3.1, 
3.2 given in Section 3. 
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Theorem 1.1. Let the conditions (1.2) be valid and {9,x) e TS*^ ^. Let r be a 
positive constant such that < r < 1, r < c/y/2. Then 



lim 

s — > c 



ascjsO, x) = / F{r9 + x,c9)dr 



(1.7a) 



and, in addition, 



/"+°° s 

I F{t9 + x,s9)dT asc{s9,x) 



< 



Ci 



1 + 



(1.7b) 



4(c2-s2) 



for si < s < c, where C\ = Ci(c, d, Po, Pi, P2, ol, |x|, r) and s\ = si(c, d, Pi, P2, ol, 
\x\,r^ are defined in Section 4 (in subsection 4.3); 



lim bsc{s9, x) = / F((T^ + x, c9)dadr 



(1.8a) 



/■+00 r+oo 

-J J F{a9 + x,c9)dadT + PV{9,x)9, 



and, in addition, 



1 



\ [ [ F{a9 + x,s9)dadT 
s J— 00/— 00 



<C2\/1-^ (1.8b) 



/or S2 < s < c, and where C2 — 6*2(0, d, /9o, Pi, P2, ol, \x\, r) and S2 'S2(c, (i, Pi, P2, 
a, \x\,r) are defined in Section 4 (in subsection 4.3). 

Theorem 1.1 follows from Theorem 3.1 and Theorem 3.2 given in Section 3. 
Consider the vector-functions wi{V, A, 9, x) and W2{V, A, 9, x), {9, x) e 
TS^~^, arising in the right-hand sides of (1.7a) and (1.8a): 

/+00 
F{T9 + x,c9)dT (1.9a) 
-co 

W2{V,A,9,x)= j j F{a9 + x,c9)dadT (1.9b) 
J —00 J —00 
p+00 r+00 

- j j F{a9 + x,c9)dadT + PV{9,x)9. 



Remark 1.1. Using, in particular, that B is antisymmetric one can see that the 
vectors wi{V, A,9,x), W2{V, A,6,x) are orthogonal to 6 for any {9,x) e TE>'^~^ 
and any potential (V^, A) satisfying (1.2). 

Let (V", A) satisfy the conditions (1.2). Define wi{V, A) : K'^\{0} x M*^ ^ M*^ 

by 

/ + CX) /• + 00 

W{sy + x)ds+ / B{sy + x)yds 
-oo J-oo (110) 

= |y|«;i(y,A,^,x-^2/), 

for y e M'^\{0}, x G R'^. Under the conditions (1.2), wi{V, A) = (wi(V", A)i, .., 
t(;i(V, A)d) e Ci(M^\{0} X M'^,R'^). 

Consider the d-dimensional smooth manifolds 

Vi,k = {{e,x) e TS''-^\9j = 0, j = 1 . . .d, j ^ i,j A;}, (1.11) 
for i,k = l..d, i k. 

Proposition 1.1. Let (V, A) G C2(M'^,M) x C2(M'^,R^) satis/y (1.2). T/ien 
wi(y. A, 0, a;) given for all {9,x) G TEi'^~^ uniquely determines {V, B) and the 
following formulas are valid: 

P(VV){d,x) = -^(wi(V,A,9,x) + wi(V,A,-e,x)), (1.12a) 



P{B,,k){e,x)=^ 



— {w,{V,A)Uy,x) + —{MV,A)U-y,x) (1.12b) 
{wi{V,A))k{y,x) - —{wi{V,A))k{-y,x) 



for {9, x) G T§'^-\ i,k = l..d, i ^ k; 



\y=o 



PBi^k{0,x)=9k^{wi{V,A,9,x)i-wi{V,A,-9,x)i) (1.12c) 
- ^i^i'^ii^, A, 6', x)fc - wi{V, A, -6*, x)fc) 
for {9, x) G Vi,fc, i,k= l..d, i 7^ /c. 

Remark 1.2. Using the formulas (1.12a), (1.12c) and methods of reconstruction 
of / from Pf (see [GGG], [Na], [Nol]), Bi^^ and V can be reconstructed from 
wi{V, A, 9, x) given for all {9, x) G Vi,fc, for z, A; = L.d, z 7^ A;. 

Proposition 1.2. Let (V, A) G C2(M^,]R) x C^{R'^,W^) satisfy (1.2). Then 



W2{V, A,9,x) given for all {9,x) G TS'^"^ does not determine uniquely V. For 

d = 2, W2{V, A, 9, x) given for all (0, x) G TE>'^~^ does not determine uniquely B. 
For (i > 3, W2(y^ A, 6*, x) given for all {9, x) G TE>'^~^ uniquely determines B. 

In Section 5 (see Proposition 5.3) we give formulas ((5.17a) and (5.17b)) 
which show that for (i = 3, the Fourier transform of the first derivatives of B can 
be reconstructed from W2(V^, A, 6*, x) given for aU (6*, x) G T'&^~^ and we give a 
formula ((5.17c)) which shows that for d > 4 the X-ray transform of B can be 
reconstructed from W2{V^ A, 6*, x) given for all (^, x) G T'&^~^ . 

Proposition 1.1 and Proposition 1.2 are proved in Section 5. 

From (1.7a) and (1.12) and inversion formulas for the X-ray transform P for 
d>2 (see [R], [GGG], [Na], [Nol]) it follows that a^c determines uniquely W and 
B at high energies. Moreover for d > 2 methods of reconstruction of / from Pf 
(sec [R], [GGG], [Na], [Nol]) permit to reconstruct W and B from the velocity 
valued component a of the scattering map at high energies. The formula (1.8a) 
and Proposition 1.2 show that the first term of the asymptotics of hsc doesn't 
determine uniquely the potential V when d > 2 and B when d — 2 but that it 
uniquely determines B when d > 3. Note that F. Nicoleau paid our attention to the 
fact that, in addition of Proposition 1.2, the vector function W2{V,9,x), {9,x) G 
TE>'^~^, uniquely determines V modulo spherical symmetric potentials when d > 
2, and that W2{V,9,x), {9,x) G T§'^~^, uniquely determines B modulo spherical 
symmetric magnetic fields when d = 2. 

Remark 1.3. The condition (1.2) in all results and estimates which appear in 
Introduction and in Sections 2, 3, 4 can be weakened to condition (4.11) given at 
the end of Section 4. 

1.6 Historical remarks. 

Note that inverse scattering for the classical multidimensional Newton equation 
was first studied by Novikov [Nol] without magnetic field (the existence and 
uniqueness of the scattering states, asymptotic completness and scattering map 
for the classical Newton equation were studied by Simon [S]). Novikov proved two 
formulas which link scattering data at high energies to the X-ray transform of 
—W and V. Following Novikov's framework [Nol], the author generalized these 
two formulas to the relativistic case without magnetic field in [Jo]. We shall fol- 
low the same way to obtain Theorem 1.1 of the present work. Note also that for 
the classical multidimensional Newton equation in a bounded open strictly convex 
domain an inverse boundary value problem at high energies was first studied in 
[GN]. 

To our knowledge the inverse scattering problem for a particle in electromag- 
netic field in classical and classical relativistic mechanics was not considered in 
the literature for the case of nonzero magnetic field B before the present article 
(concerning results given in the literature on this problem for B = see [Nol], 
[Jo] and references therein). However, in quantim mechanics the inverse scatter- 
ing problem for a particle in electromagnetic field with B ^ was considered, in 
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particular, in [HN] , [ERl] , [I] , [Ju] , [ER2] , [Ni] , [A] , [Ha] (concerning results given 
in the literature on this problem for S = see, in addition, [F], [EW], [No2] and 
references given in [No2]). 



1.7 Structure of the paper. 

Further, our paper is organized as follows. In Section 2 we transform the differential 
equation (1.1) with initial conditions (1.3) into a system of integral equations which 
takes the form (y_,y_) = A^^^; (y_,y_). Then we study Ay_^jc_ on a suitable 
space and we give estimates and contraction estimates about Ay_^x- (Lemmas 2.1, 
2.2, 2.3). In Section 3 we give estimates and asymptotics for the deflection y-{t) 
from (1.3) and for scattering data asc('i^-, a;-), bsc{v-, X-) from (1.6) (Theorem 3.1 
and Theorem 3.2). From these estimates and asymptotics the two formulas (1.7a) 
and (1.8a) will follow when the parameters c, /3rm a, d, p-, X- are fixed and \v-\ 
increases (where a, d are constants from (1.2), (3^ = max(/3o, /32); P- = 
V-/\v-\). In these cases sup \ 9{t) \ decreases, where 9{t) denotes the angle between 
the vectors x{t) = v- + y-{t) and f_, and we deal with small angle scattering. 
Note that, under the conditions of Theorem 3.1, without additional assumptions, 
there is the estimate sup \e{t)\ < In and we deal with rather small angle scattering 
(concerning the term "small angle scattering" see [Nol] and Section 20 of [LLl]). 
Theorem 1.1 follows from Theorem 3.1 and Theorem 3.2. In Section 4 we sketch 
the proof of Lemmas 2.1, 2.2, 2.3 and Theorem 3.2. Section 5 is devoted to Proofs 
of Proposition 1.1 and Proposition 1.2. 

Acknowledgement. This work was fulfilled in the framework of Ph. D. thesis 
researchs under the direction of R.G. Novikov. 



2 A contraction map 

Let us transform the differential equation (1.1) in a system of integral equations. 
Consider the function g : M.^ ^ Be defined by 



where x e M . One can see that g has, in particular, the following simple properties: 



g is an infinitely smooth diffeomorphism between R and B^ its inverse is given 




X 




g{x)-g{y)\ <^/d\x-y\, fora;,yeR^, 



(2.1) 



by 




X 
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Now, if X satisfies the differential equation (1.1) and the initial conditions 
(1.3), then x satisfies the system of integral equations 



t 




I 


H 


-oo 





V- 



x{t) ^g{j{v-) + [ F{x{s),x{s))ds), 

J —oo 

where F{x,x) = -W{x) + ^B{x)x, V- G Sc\{0}. 
For y-{t) of (1.3) this system takes the form 

(y_(t), u-{t)) = A^_,^_ (y_, u-){t), 

where (t) = y_ (t) and 

Av.,.Af,hm^{Ai_^,_{f,hm,Ai_^,_{f,hm) 



dr, (2.2a) 
(2.2b) 



(2.3) 



g{'y{v-) + / F{v-S + X- + /(s), f _ + h{s))ds) — V- 



dr, 



t 

(/, h)it) =^(7(^-) + j F{v-s + X-+ fis),v- + his))ds) - 

— oo 

for V- e Bc\{0}. 

From (2.3), (1.2) , (2.1) (applied on V=7(t;_) + f^^F{v-S + X- +y-{s),v_ 

+y-{s))ds and "?/''= 7('^-)) and y-{t) G C^(R,R'^), \y-{t) \ + \y-it)\ 0, as 
t — oo, it follows, in particular, that 



{y-{t),y-{t)) eC(M,M'^) x C(R, M'^) 



(2.4) 



and \y.{t)\ = 0(|t|-«), \y.{t)\ = 0(|t|-"+i), as t ^ -oo, 

where V- G i?c\{0} and X- are fixed. 

Consider the complete metric space 

MT,r ={{f,h) e C{] - oo,T],R^) X C{] - oo,T],M'^)| ||(/,/i)||t < r}, 

where IK/, /i) II T = max [ sup |^(t)|, sup \f{t) — th{t)\ 

^te]-oo,T] te]-oo,T] 

(2.5) 

(where for T = +oo we understand ] — oo, T] as ] — oo, +oo[). From (2.4) it follows 
that, at fixed T < +oo. 



{y-{t),y-{t)) e Mx^r for some r depending on y-{t) and T. (2.6) 



Let zi{c, d, Pi, a, Tx, r) be defined as the root of the following equation 

zi 2«+^/3irf(2 + r/c) 



0, zi e]V2r,c[, (2.7) 



where Vx and r are some nonnegative numbers such that < r < 1, r < c/-\/2. 

Lemma 2.1. Under the conditions (1.2), the following is valid: if (f^h) e Mt^v, 
< r < 1, r < c/-\/2, a;_ e M*^, v_ e Sc, > 2;i(c, a, |a;_|, r), v_a;_ = 0, 
then 

\\K-,x-U^h)\\T <Pt(c, c?,/3i,Q!, |x_|,r) (2.8a) 

1 



v/l + |v_|V(4(c2 - |^;_|2)) 

2"+2d^/d/3l(2 + r/c) ( 1 1/^/2 + 1 - r) 



X 



(a - l)(|t;_ I/V2 - r)2(l + |a;_ 1/^2 - (|^_ 1/^2 - r)T)«-i 
for T < 0, 

II (/, /i) IIt <p(c, a, I, |a;_ I, r) (2.8b) 

1 



v/l+|^;_|V(4(c2-|t;_|2)) 

2«+3rfv^/3i(2 + r/c)(|^;_|/y2 + 1 - r) 



X 



(a - 1)(|^-|/V2 - r)2(l + |x_|/y2)— 1 



/orT < +oo; if (fi^hi), (/a, /ia) e Mt.^, < r < 1, r < c/v^, < c, 

v_a;_ = 0, \v-\ > zi{c, d, Pi, a, \x-\, r), then 

\\Ay_,x_{f2,h2) - A^_^^_{fi,hi)\\T (2.9a) 
< At(c, d,P,a, \v-\, |a;_|,r)||(/2 - /i,/t2 - hi)\\T, 

At(c, cZ, a, |f _|, |a;_|, r) 



71+ |^;-|7(4(c2 - |7;_|2)) 

2^+4^2^(1 + i)(k^ + l_r)2 

for T < 0, 

||-4i;_,a;_(/2,/i2)-^^;_,a;_(/l, /il)||T < A(c, d, /3, O;, j-^-j, jX- | , r) || (/2 - /i , /l2 - /^l ) || T, 

(2.9b) 
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Vl + k-P/(4(c2-|z;_|2)) 

2^^+93d^;g(l + + l/c)^{\v-\/V2 + 1 - r)3 
{a- l){\v_\/V2 - r)4(l + |a;_|/V2)«-i 

for T < +00, where j3 = max(/9i, /92). 
Note that 

( PT{(\(Li\,a. \v_\, |.r_|,r) , . , 3 , , , , . 

max I , At(c, a, p,a, \ v-\, \x-\,r) 

\ r 

<IJ,T{c,d,P,a,\v-\,\x-\,r) (2.10a) 
1 



Vl + |^^-I7(4(c2 - |t;_|2)) 



X 



2"+4rf2^(l + l/c)(|t;_|/v^+ 1 - r)2 



r{a - l){\v-\/V2-r)^{l + \x-\/V2 - {\v-\/V2 - r)T)^-^ 

for T < 0, 

/p(c,d,/3i,a, l-y-l, |a;_|,r) w , ;x , , , , . 
max , Mc,a, p,a,\v-\,\x-\,r) 

\ r 

<IJ,{c,d, $,a,\v-\,\x-\,r) (2.10b) 
1 



Vl + k-IV(4(c2-|t;_|2)) 

22«+93rf3^(l + /3)(1 + l/c)3(|t;_|/v/2 + 1 - r)3 



X 



r(a - l){\v_\/V2-r)^{l + \x_\/V2)'^-^ 



for T < +00, where P — max(/3i, /32), < r < 1, r < c/\/2, |f_| < c, |f_| > 
V-X- = 0. 

From Lemma 2.1 and the estimates (2.10) we obtain the foUowing result. 

Corollary 2.1. Under the conditions (1.2), < r < 1, r < c/V2, x- e R^, 

V- e -Be, I'W-I >_-2i(c, (i, a, |x_|,r), tJ-o;- = 0, the following result is valid: 

if HT{c,d, P,a,\v-\, \x-\,r) < 1, then Ay_^x- is a contraction map in Mt^v 
forT <0; 

if IJ,{c, d, (3, a, \v-\, \x-\, r) < 1, then Ay_^j;_ is a contraction map in MT,r for 
T < +00. 

Taking into account (2.6) and using Lemma 2.1, Corollary 2.1 and the lemma 
about the contraction maps we will study the solution (|/_(t), U-{t)) of the equa- 
tion (2.3) in MT,r- 
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We will use also the following results. 

Lemma 2.2. Under the conditions (1.2), (/, /i) G Mt,^ < r < 1, r < c/-\/2, 
a;_ e IR^, v_ e 5c, \v-\ > zi{c,d, Pi,a, |a;_|,r), V-X- = 0, the following is valid: 



\^l-,x-ifih){t)\ <C-(c,d,/3i,a, \v-\, \x-\,r,t) 



Vl + |^^-IV(4(c2- |^;_|2)) 

rfv^/3i2«+2(2 + r/c) 



(2.11) 



X 



a(|w_|/v^-r)(l + |x_|/V2- (|^;_|/V2-r)t)« 
l^i_,a;_(/>/i)(OI <^-{c,d,Pi,a, \v-\, \x-\,r,t) 

1 

"0:tF-iv(4(c2 - 

dVdPi2"+^{2 + r/c) 



(2.12) 



X 



fort<T, T < 0; 

(/, h){t) = if, h)t + if, h) + H,_,,_ (/, /i)(t), (2.13) 

/ + 0O 
F{v-s + X-+ f{s),v- + h{s)) ds) - (2.14a) 
-oo 



lv.,x. (/, h)= [ giniv-) + / F{v-s + x_ + /(s), v- + /i(s)) ds) - v- 

J — oo L J — oo 

r+oo r /"T 

+ / g{-f{v-)+ F{v-s + x- + f{s),v- + h{s))ds) 

Jo I J -oo 



dr 



+ CX) 



-£?(7(t;_)+ / F('i;_s + a;_ + /(s),t;_ + /i(s))ds) 



dr, (2.14b) 



(2.15a) 
(2.15b) 



\Hv_,x-{Lh){t)\ <C+{c,d,(3i,a, \v-\, \x-\,r,t) 

1 



^yi + \v-\^/{4:{c^-\v-\^))a{\v-\/V2-r) 



(2.16) 



11 



dW/?i2^+^(2 + r/c) 
^ (1 + |a;_|/V2+ {\v_\/^/2-r)ty 
\Hy.,xAf,h){t)\ <e+(c,d,/?i,a,|v_|,|a;_|,r,t) (2.17) 
_ 1 

|^;_|2/(4(c2 - \v_\^))a{a - 1)(|^;_|/V2 - r)2 
d\/d/3i2«+2(2 + r/c) 
(1 + \x_\/V2 + {\v_\/V2 - r)t)(«-i) ' 

forT= +00, t > 0. 

One can see that Lemma 2.2 gives, in particular, estimates and asymptotics 

for 

A,_,,M,hm = {Al_,,_{f,hm,Al_^,_{f,hm) as t ^ ±oo. 

Lemma 2.3. Let the conditions (1.2) be valid, (y_(t), tt_(t)) e Mt^v be a solu- 
tion of (2.3), T = +00, < r < 1, r < c/v%, a;_ e R*^, v. e 5^, \v_\ > 
zi{c, d, Pi, a, \x-\,r), V-X- = 0, then 

\kv-,x-{y-,u-) - /ci;_,a:_ (0,0)1 (c, (i, /3i , /3, «, \v-\, \x-\,r) 

_ d2/3(l + i)2"+5(|^-|/v/2 + l-r) ^ 
a(|^;_|/V2-r)2(l + |a;_|/V2)« ^ ■ ^' 

p{c, d, /3i,q;, |x-|,r) 
^ Vl + l^-IV(4(c2-|^;_|2))' 



(,(/-. "-) 



F{x- + V-) (is 



<ea{c,d,(3i,(3,a, \v-\, \x-\,r) (2.18b) 

_2^+^dVdp{l + i)(|v_|/V2 + 1 - r) 
ct(|t)_|/y2 -r)2(l + |x_|/y2)« 
X p(c, d, |x_|,r). 



l^t;- ,X- 

^t)_,a;_ (0, 0)1 <:£b{c,d,l3i,P,a,\v—\,\x—\,r) (2.18c) 
^ 22a+9^3^(l + ^)3(1 + i/c)3(|^_|/v/2 + 1 - r)2 

(a - l)(|t;_|/V2 - r)4(l + |a;_|/V2)"-i 
p(c, (i, a, |f _ I, |x_ I, r) 
^ Vl + b-IV(4(c2- |^;_|2))' 

where ky_^x- and lv_,x- ore defined in (2.14) and p is defined in (2.8b). 
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We sketch the proof of Lemmas 2.1, 2.2, 2.3 in Section 4. 



3 Small angle scattering 

Under the conditions (1.2), for any {v-,X-) E B^x M'^, V- ^ 0, the equation (1.1) 
has a unique solution x e C^(]R, ^) with the initial conditions (1.3). Consider the 
function y-{t) from (1.3). This function describes deflection from free motion. 

Using Corollary 2.1 the lemma about contraction maps, and Lemmas 2.2 and 
2.3 we obtain the following result. 

Theorem 3.1. Let the conditions (1.2) be valid, /u(c, d, /3, a, |f _ |, |x_ |, r) < 1, = 
max(/3i, (32), 0<r<l, r < c/ \/2, X- eM.'^, V- E Bc,\v- \ > zi{c, d, (3i,a, \x-\,r), 
V-X- = 0, where jj, is defined by (2.10b) and zi is defined by (2.7). Then the 
deflection y_ (t) has the following properties: 

{y.,y.) E MT,r, T = +oo; (3.1) 



where 



\v- 









y-{t) =asc{v-, x-)t + bsc{v-, X-) + h{v-,x-,t), 



asciv-,x_) - 



7(w_) + J^^ F{v-s + x-,v-)ds 

|7(i;_)+ f'^°° F{v_s+x-,v-)ds\'^ 
1 + 



— V_ 



< £^(c, d,Pi,P,a, \v_\, |a;_|,r). 



asc{v-,x-) 



+ 00 



F{v-S + X-,V-)ds 



(3.2) 
(3.3) 
(3.4) 



(3.5a) 



< ea{c,d,pi,p,a, \v-\, |a;_|,r), (3.5b) 



\bsc{v-,x_) - /t,_,a;_(0,0)| < eb{c, d, Pi, P , a, |a;_|,r), (3.5c) 



\asc{v-,X-)\ <2C_{c,d,Pi,a,\v-\,\x-\,r,0), (3.6a) 

\bsc{v-,x_)\ <2^_{c,d,Pi,a,\v_\,\x_\,r,0), (3.6b) 

\h{v-,x-,t)\ <C+{c,d,Pi,a, \v-\, \x-\,r,t), (3.7) 

\h{v-,x-,t)\ <^+{c,d,Pi,a,\v-\,\x-\,r,t), (3.8) 

for t > 0, where lv_,x^{0,0) (resp. e'^, Sa, £b, C-; C+i ^- ^'^^ ^+) defined in 
(2.14b) (resj^. (2.18a)', (2.18b), (2.18c), (2.11), (2.16), (2.12) and (2.17)). 
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Let z = z{c,d, $,a,rx,r) and Z2 = Z2{c,d, Pi,a,rx) be defined as the roots 
of the following equations 

//(c, d, P,a,z,rx,r) ^ 1, z e] \/2r, c[, (3.9) 

Z2 32/3id 



y^71| aiz2/V2)il + rjV2y 



0, Z2 e]0,c[, (3.10) 



where fi is defined by (2.10b), and r arc some nonnegative numbers such that 
< r < 1, r < and where (3 = max(/3i, /32). 

We use the following observations. 

(I) Let < r < 1, r < c/V2, <a 

si 2«+^/?id(2 + r/c) ^ S2 2«+^/?id(2 + r/c) 



y^71| a(si/V2-r)(a/V2+l)« a(s2/V2 - r)(a/V2 + 1)« 



for -\/2r < S2 < si < c. 

(II) Let < r < 1, r < c/v^, o" e]V2r, c[, 



2°+^/3irf(2 + r/c) ^ a 2"+^/3i c/(2 + r/c) 



£| a((7/V2-r)(si/V2+l)« _ £i a((j/V2 - r)(s2/V2 + 1)« 

for < S2 < si. 

(Ill) Let < r < 1, r < c/\/2, X some real nonnegative number, P = 
max(/3i, /32) and \/2r < s < c then 

//(c, d, $, a, s,\x\,r) < 1 s > z{c, d, $, a, \x\,r). 

Observations (I) and (II) imply that zi{c, d, (3i,a, S2,r) > zi{c, d, Pi,a, si,r) for 
\/2r < S2 < si < c when c, a, d, r are fixed. 

Theorem 3.1 gives, in particular, estimates for the scattering process and 
asymptotics for the velocity valued component of the scattering map when c. Pi, 
P2, 01, dj are fixed (where v- = v-/\v-\) and \v-\ increases or, e.g., c, 

/32, a, d, f-, X- are fixed and \x-\ increases. In these cases sup^^]^ |6'(t) | 
decreases, where 9{t) denotes the angle between the vectors x{t) = f _ + y-{t) 
and V-, and we deal with small angle scattering. Note that already under the 
conditions of Theorem 3.1, without additional assumptions, there is the estimate 
sup^^]^ |6'(t)| < ^TT and we deal with a rather small angle scattering. Theorem 
3.1 with (3.5c) will give the asymptotics of the configuration valued component 
b{v-,X-) of the scattering map if we can study the asymptotics of /t;_,a;_ (0, 0). 
This is the subject of Theorem 3.2. 
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Theorem 3.2. Let c, d, /?o, Pi, Oi, \x\ be fixed. Then there exists a constant 
Cc,d,i3o,f3i,a,\x\ such that 



/.,x(0,0) 



1 _ m 



\pV{v,x)v + t\. 



+00 f+OO 



F{av + X, v)dadr 



\v\ 




F{av + X, v)dadT 



<Cc,d,f3o,l3i,a,\x\\l'^ 



(3.11) 



for any v G \v\ > Z2{c, d, a, vx = 0, and where v — v/\v\ 
We sketch the proof of Theorem 3.2 in Section 4. 



4 About the proof of Lemmas 2.1, 2.2, 2.3 and Theorems 
3.2 and 1.1 

The way we prove Lemmas 2.1, 2.2, 2.3 and Theorem 3.2 of the present work, is 
actuaUy exactly the same as the way we prove lemmas 2.1, 2.2, 2.3 and theorem 
3.2 of [Jo]. 

4.1 Inequalities for F and g. 

Before sketching the proof of Lemmas 2.1, 2.2, 2.3 and Theorem 3.2, we shall give 
some estimates about the growth of g defined by 

'1 _)_ \lr_ 



and we shall prove Lemma 4.1 given below. 

We remind that g has the following simple properties (see [Jo]): 



|V^,(a;)p <-^, (4.1) 

J- ~l~ o 



l^(a^) -^(y)l <^ sup / , , ^=^\^-y\^ (4-2) 

ee[o,i] J\ -I- |£J^+(i-£)i/r 



Vgi{x) -Vgi{y)\< sup kx+d-sWi^ l^^-^l^ (4-3) 



c 



for X, y eR , i = l..d, and where = (^ti, ..,gd)- 
Lemma 4.1. Under the conditions (1.2), t/ie following estimates are valid: 

\F{x,y)\ <2dpi{l + |x|)-(«+i)(l + -|y|) /or e (4.4) 
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\F{x,y) - F{x',y')\ <-2dPi sup {1 + \ex + {1 - e)x'\)-^"'+'^'^\y - y'\ (4.5) 

c ee[0,l] 

+2dVdP2 sup (1 + ley + (1 - e)y'\/c){l + \sx + (1 - e)x'\)-^''+^^ 
se[o,i\ 

x\x — x'\, 

for x, y, x', y' e M.^. 

Let\f,h), {fi,hi), (/2,/i2) e MT,r, V- e Ba\{0}, V-X- = 0, |^;_| > V2r, 

then 



\fis)\<ii + \s\mih)\\T, 

\h{s)\<\\{lh)\\T, 



(4.6) 
(4.7) 



for s < T; 

2{l + \x-+v-s + f{s)\)> {1 + \x-\/V2 + {\v-\/V2 - r)\s\), for s <T, (4.8) 

/?id2"+3(2 + r/c) 



F{v-S + X- + /(s), V- + h{s))ds 



1 + ^ 



a{\v_\/V2 - r){\x_\/V2 + 1)^ 
7(f_)+£i / F(t)_s + x- + /i(s), f_ + /ii(s))(is 

^ — oo 



(4.9) 



+82 F{v^s + x^ + f2{s),v^ + h2{s))ds 



<(1 + 





f _ 


2 


4(c2 









(4.10) 



forr.t e] -oo,T], a e [-oo,t], /3 > 0, -1 < £i < 1, -1 < £2 < 1, (/i,/ii), 
if 2, h2) E MT,r o.nd if \v-\ > zi{c, d, Pi,a,\x-\,r), \v- \ < c, where 7 is defined by 



7(v) = 



/or V e -Be 



Proof of Lemma 4.1. The estimates (4.4) and (4.5) follows directly from the formula 
F{x,y) = -VV{x) + \B{x)y and B{x) = [^.Ak{x) - ^f^ A, (x)],, and the 

conditions (1.2). The inequalities (4.6), (4.7) and (4.8) follow from the definition 
of MT,r- Using (4.4), (4.8), we obtain (4.9) and using (4.9) and the definition of 
2;i(c, d, /?!, cu, |a;_|,r) we obtain (4.10). □ 

4.2 Sketch of proofs of Lemmas 2.1, 2.2, 2.3 and Theorem 3.2. 
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One can prove Lemmas 2.1, 2.2, 2.3 of the present work by repeating the proof 
of lemmas 2.1, 2.2, 2.3 of [Jo] and by making the following replacements. First 
the estimates given in lemmas 4.1, 4.3 of [Jo] are replaced by the estimates of 
Lemma 4.1 of the present work. Then, to prove Lemmas 2.1, 2.2, 2.3, we replace 
^^«_,x_(/), A^;_,x_(/) and F{v^s + X- + /(s)), for / e MT,r, in the proof 
of lemmas 2.1, 2.2, 2.3 of [Jo] by Al_ ^_{f,h), Al_ ^_(f,h) and F(v_s + x_ + 

f{s),V.+his))hT{f,h)eMT,r. " " □ 

One can prove Theorem 3.2 by repeating the proof of theorem 3.2 of [Jo] and 
by making the following replacements. We replace the estimates given in lemmas 
4.1, 4.3 of [Jo] by the estimates of Lemma 4.1 of our present work and we replace 
F{Te + x) of the proof of theorem 3.2 of [Jo] by F(t^ + x, sd). □ 

4.3 Constants Ci, C2, si, S2 of Theorem 1.1. 

As it was mentioned already in Introduction, Theorem 1.1 follows from Theo- 
rem 3.1 and Theorem 3.2. In addition, constants Ci, C2, si, 82, which appear in 
Theorem 1.1, are given explicitly by 

si = max(2(c, dj $,a, r), ^1(0, d, /?!, a, |a;|, r)), 

S2 — max(2(c, dj (3, a, r), -2i(c, (i, a, r), -22(c, (i, a, 



M'^Vdp^l + ^)23«+i5(i + l/c)4(-^ + 1 - r)3 



C2 -Cc,d,f3o,l3i,a,\x\+ -,N9/so |x| xo^ 9 

where C'c^^^^g^^^ q, is the constant of Theorem 3.2 and z, zi, Z2 are defined by 
(3.9), (2.7), (3.10) and where P = max(/?i, /^a). 

4.4 Weakened assumptions. 

Let Md(R) denote the space of dxd matrix with real elements. Let V e C^iW^, R) 
so that: 

|a^y(x)|</3|,-|(l + |x|)-("+l^l), (4.11a) 

for \j\ < 2 and some a > 1 (here j is the multiindex j e (N U {0})*^, \j\ = Ylt.=i 
and are positive real constants). Let B e C^(R'^, Mrf(R)) so that: 

B{x) is a d X d antisymmetric matrix with real elements Bm,n{x), (4.11b) 

AB.,W + ^BaW + a^BMW = 0, (4.11c) 

for X e R'^, for i,k,l = l..d; 

\diB,,k{x)\ < /3|,|+i(l + |a:|)-("+l^-|+i), (4.11d) 
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for i,k = l..d and for \j\ < 1. 

Let A be the transversal gauge of B, i.e. 



A{x) = - [ sB{sx).xds. (4.12) 

^0 



Under the conditions (4.11b), (4.11c) and (4. lid), A satisfies 

\A{x)\ <P{1 + \x\)-\ (4.13a) 
Bi,k{x) =^Afe(a;) - ^A,(a;). (4.13b) 

OXi OXk 

for X e M.^, i,k = l..d and some positive real constant (3. 

If we replace assumptions (1.2) by assumptions (4.11) given above, then the 
estimates (4.4) and (4.5) still hold. As a consequence, using also Remark 5.2, 
we obtain that assumptions (1.2) in all results and estimates which appear in 
Introduction and in Sections 2, 3 can be weakened to assumptions (4.11). 



5 Proofs of Proposition 1.1 and Proposition 1.2 

Let A e C2(M'^,M'^) and 

|a^A,(a;)|</3|,-|(l + |x|)-(«+I^D (5.1) 

for X e M'^, \j\ < 2, i = l..d and some a > 1 (here j is the multiindex j e 
(N U {0})^, IjI = Yln=ijri and are positive real constants). We define the 
magnetic field B e (R^, Ald(R)) by: B{x) is the dxd real antisymmetric matrix 
with elements 

d d 
Bi,k{x) = —Ak{x) - -^Mx) (5.2) 

OXi OXk 

for X e M*^ (where AiaO^) denotes the space oi d x d real matrix). For A e 
C2(R'^,R'^) satisfying (5.1) and {e,x) e TS*^"^ we define the vectors W3{A,d,x) 
and (A, 9, x): 

/ + 00 
B{x + ae)eda, (5.3a) 
- oo 

/ B{x + a9)9dadT- / / B{x + a9)9dadT, (5.3b) 

-ooJ — oo Jo J T 

where B is defined by (5.2). 

We also define a function ws{A) : M''\{0} xR"^ ^R'^ by 

W3{A){y, x) = \y\w3{A, ■7-^,x- i-loV)^ (^-4) 

\y\ \y\ 
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for xeR'^,ye W^XiO}. From (5.1), (5.4) and (5.3a) it foUows that 

/+00 
B(x + ay)yda, (5.5) 
-oo 



for {x,y) e R'^ X R'^\{0}. From (5.1), it follows that 'uJ3(A) = (('uy3(A))i, .., 
(^~3(A))d) e Ci(R^{0} X R^R'^). 

To prove Proposition 1.1 we first prove the following result. 

Proposition 5.1. Let A e C2(R'^,R'^) satisfy (5.1) . Then W3{A,e,x) given for 
all {9,x) e TE>'^~^ determines uniquely the magnetic field B defined by (5.2) and 
the following formulas are valid: 

PBi,k{0,x) = (^{w3{A))i{y,x) - ■^{w3{A))k{y,x)] , (5.6a) 
X'^Vk oyi / \y=e 

for {9, x) e T§'^-\ i,k = l..cZ, i ^ k; 

PBi^k{9, x) =0kW3{A, e, x)i - 0iW3{A, e, x)k (5.6b) 

for (6*, x) G Vi^fe, i,k — l..d, i ^ k where Vi^k the d-dimensional smooth manifold 
given by (1.11). 

Note that under different conditions on vector potentials A, the question of 
the determination of B from was studied in [Ni], [Ju], [I]. However, to our 
knowledge the formulas (5.6) were not given in the literature. 

Proof of Proposition 5.1. Under the conditions (5.1) and from (5.2) and (5.5) it 
follows that 



d 



{ws{A))i{y,x)= [—Ak{ty + x)--—Ai{ty + x)]dt (5.7) 

Oyk J-oo OXi dXk 

+ Ey_ '[s^A,(t!,+.)-g-^A.te + .)]»* 

for any {y,x) G R''\{0} x R*^ and i,k= l..d. Let i,k = l..d. From (5.7) it follows 
that 

d ^ d ^ 

■{w3{A))i{y,x) - —{w3{A))k{y,x) 



dyk dyi 

tJ2^Bi,k{te + x)ejdt, (5.8) 

-oo 



\y=0 
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for all {9,x) e TE>'^~^, $ = {9i, . . . ,9d) and where P denotes the X-ray transform. 
Integrating by parts the integral of the right-hand side of (5.8), we obtain the 
formula (5.6a). 

We recall that w^iA, 9, x), = jf-^^ B,^j{t9 + x)9jdt, for (0, x) E TS'^~'^, 
i,k = l..d, i ^ k. Hence 9kPBi^k{9, x) — ws{A, 9, x)i for {9,x) G Vi^k, i,k = 
l..d, i k. This last formula implies (5.6b) (^f ^ d\ = \ for {9,x) e Vj 9 = 
{9,,...,9d)). 

Then using results on inversion of the X-ray transform and using (5.6a) or 
(5.6b) and using (5.4) we obtain that W3{A,9,x) given for all {9,x) e TEi'^~^ 
uniquely determines the magnetic field B. 

Proposition 5.1 is proved. □ 

Now we are ready to prove Proposition 1.1. 
Let {9,x) e TS'^-^ We note that 

/+00 r+oo 
B{T{-9) + x)(-9)dT = - B(T9 + x)9dT (5.9a) 
-oo J —oo 

and we remind that 

P{VV){-9, x) = P{VV){9, x). (5.9b) 

Using (1.9a), (5.3a) and (5.9) we obtain the formula (1.12a) and the following 
formula 

ws{A, 9, x) = ^{wi{V, A, 9, x) - w^{V, A, -9, x)), (5.10) 

for {9,x) e TS'^-^. From (1.12a) and results on inversion of the X-ray transform, 
we obtain that wi{V, A,9,x) given for all {9,x) G TE>'^~^ uniquely determines 
W and thus it uniquely determines V ( (V, A) satisfies (1-2)). From (5.10) and 
Proposition 5.1 it follows that wi{V, A, 9, x) given for all {9, x) e TS'^"^ uniquely 
determines B. In addition from (5.10) it follows that 



ws{A){y,x) = ^{wi{V,A){y,x)-wi{V,A){-y,x)), 

for y G M'^\{0}, x G M'^. Using this last formula and (5.6a) of Proposition 5.1 we 
obtain (1.12b). Using (5.10) and (5.6b), we obtain (1.12c). 

Proposition 1.1 is proved. □ 

Let i,k = L.d, i ^ k. To reconstruct Bi^^ from wi{V,A,9,x) given for all 
{9,x) G Vi,fe, we give the following scheme which is based on the formula (1.12c) 
(Vj,fc is defined in (1.11)). The formula (1.12c) gives the value of all integrals of 
Bi^k over any straight line of any two-dimensional affine plane Y whose tangent 
vector space is Yi^k = {{^ij • • • 7 x'd) ^ ^'^\x'j = 0,j ^ i,j ^ k}. Now, to reconstruct 
Bi^k at a point x' G R'^ we consider in a two-dimensional plane Y containing 
X and whose tangent vector space is Yi^k- We interpret T§ as the set of all 
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rays in R and we consider in TS*^"^ the subset TS^{Y) which is the set of all 
rays lying in Y. Then we restrict PBi ^ on TS^(y) and reconstruct Bi^k[x') from 
these data using methods of reconstruction of / from Pf for d = 2. (We can also 
use the formula (1.12b) for reconstruction of Bi^k from wi{V, A, 9, x) given for all 
(6',x) e TS'^"^) 

To prove Proposition 1.2 we will first prove Proposition 5.2 and Proposition 
5.3 given below. 

Let A e C2(R'^,R'^) satisfy (5.1). We define a function miA) : R'^\{0} x 
■ by miA)iy,x) = \y\w4A, ^,a; - ^y) for xeR'^, ye ]R^{0}. From 



(5.1) and (5.3b), it follows that 

f+OO /■+00 



/ B{x + ay)ydadT — / / B{x + ay)ydadT, (5.11) 

-OO J —OO J J T 

and wa{A) = ..,w^{A)d) G Ci(R''\{0} x R'^,R''). 

Proposition 5.2. Let A e C2(R'^,R^) satisfy (5.1), then B defined by (5.2) 
satisfies: 

d 

Y,Oj [ekPB,,j{e,x) - e,PBk,jie,x)] - PB,,kio,x) = (5.12a) 

3 = 1 

d ^ d ^ 

W4{A}k{0,x) - - — W4{A)i{9,x), 



OXi OXk 
d 

Y,Oj [OkPBij^iid^x) - diPBk,j,i{e,x)]-PBi^k,0,x) = MA)iM^,x), (5.12b) 
for {9,x) e TE)^~^ , i,k,l = l..d, where P denotes the X-ray transform and where 

W4iA)m,n,li^^^) = ^ (a£:^4(A)n - ^W4{A)m^ {0,x), Bm,n,li^) = 

£-Bm,n{^), for e e a; e R^ m,n = l..d. 

Remark 5.1. Let d = 3, Z = l..d. Formula (5.12b) gives in fact 

e ★ (-P52,3,K^, PBi,3,i{e, x), -PBi^2,i{e, x)) = 

* («;4(A)2,3,K^, X), -^4(A)i,3,/(^, X), ^4(A)i,2,/(^, x)), (5.13) 

for any {9, x) G TS^ where ★ denotes the usual scalar product on R^. 

Proof of Proposition 5.2. Under the conditions (5.1), from (5.11) it follows that 



d 



'^'i{A)i{y,x) = - -r-^^yj Bij{ay + x)dadT (5.14) 

\y\ J —CO 



dxk 
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+ " / ^Bij{ay + x)dadT 

/+00 r+oo Q 1 



for any {y, x) e M'^\{0} x and z, /c = Let i,k,l = l..dhe fixed. From (5.14) 
it follows that 

d d 
-^W4{A)i{0,x) - —W4{A)k{0,x) 

- + 00 /• + 00 



/-too p-too 
Bij{a0 + x)dadT + 9i^9j / Bkj{a0 + x)dadT 

~ Jo y ^d^k^'''^"^ ^ ~ d^-^''^'^"^ + x)]dcTdT| (5.15) 



for a; e R'^, ^ e 9 = {Oi, dd). Prom (5.1) and (5.2) it follows that 

d d d 

BrA^) - -^Bkjix) = —Bi,k{x), X e j = l..d. (5.16) 



dxk dxi dxj 

Let 9 G be fixed. Using (5.15), (5.1) and (5.16) we obtain (5.12a). Under con- 
ditions (5.1), the function hi^k,e which is defined by hi_k,e{x) = j^W4 

-^W4{A)k{9,x),x e R'^, satisfies hi^k,e e Ci(M'^,M) and (5.12b) follows imme- 
diatly from (5.12a). 

Proposition 5.2 is proved. □ 

Proposition 5.3. Let A e C2(M'^,M'^) satisfy (5.1). 

i. if d = 2 then W4{A,9,x) given for all {9,x) e TE>^~^ does not determine 
uniquely the magnetic field B defined by (5.2), 

ii. if d > 3 then W4{A,9,x) given for all {9,x) G TE>'^~^ uniquely determines 
the magnetic field B defined by (5.2). In addition the following formulas are valid: 
if d = 3 then 



(-^^2,3/0), .FSi,3,K0), -.FSi,2,K0)) = (5.17a) 



W4{A)i^2,i{9\y)dy 
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9'. 



for any orthonormal basis {9^, 9^, 9^) and where Hp/ is the vector plane {y e M^ly* 
p' = 0} forp' e R^\{0}, and T denotes the classical Fourier transform on L^(R^); 



(-^i?2,3,z(p),^Sl,3,KP):--^5l,2,KP)) 




-iy*p 



n. 



(5.17b) 



L 



w^4(A)i,2,/(^^,y)% 



9^ 



for p e M^\{0} and any orthonormal family {9p,9p} of the plane Hp (and where 
if d> 4 then 



d d 
PBj,k{0,x) = -^W4{A)j{9,x) - -^W4{A)k{9,x) 



(5.17c) 



for {9,x) e Vj,k} where Vj^k is the {2d — 4) -dimensional manifold {{9,x) e TEi^ ^\9 
= (^l5 •••5 ^d), dj = dk = 0}. 

Proof of Proposition 5.3. We first prove the item (i). Let ^ e C^(R"'',R) be such 
that 



A{x) = {-X2^{\x\'^),xi^{\x\^)), xe 



satisfies (5.1) and 



B{x) = 





2|x|2^'(|x|2) 



2\x\'c'{\xn 





^0 



(e.g. ${t) = e R+, (7 > 1 or ^{t) = e-\ t e R+). We define W5iA,9,x) = 

II^ Zoo^W^ + ^I'^'d^^ + x\'')dadT - /+°" J^°"2\a9 + xl^C'iWO + x\^)dadT, for 



{9,x) e T§''-\ Let {9,x) e TS'^-' be fixed. Using \a9 + x\^ = + \x\^ we 
obtain wrj{A, 9, x) = 0. From this equahty and (5.3b) it follows that W4{A, 9, x) = 
w^{A,9,x){92,-9i) = Q{9 = (^1,^2))- The item (i) is proved. 

We prove the item (ii). We shall distinguish the case (i = 3 from the case 
d>A. 

First let d>A. Let j, k = l..d be fixed, j 7^ k. Formula (5.12a) implies (5.17c). 
Let x' e W^. As d > 4, the dimension of the vector space Hj^k = {(^^i; • • • j^d) 
e R'^lxj = Xk = 0} is greater than or equal to 2. Let {ei, 62} be an orthonormal 
family of Hj k- Let Y be the affine plane of M*^ which passes through x' and 
whose tangent vector space is the vector space spanned by {ei, 62}. From (5.17c), 
it follows that the integral of Bj^k over any straight line of Y is known from 
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-^W4(A.)j(9,x) — -£^W4(A)k(9,x) given for all (9,x) e Vj,k- Thus using results 
on inversion of the X-ray transform P (see [GGG], [Na] and [Nol]), we obtain 
that Bj^k\Y '^^^ reconstructed from -^W4{A)j{9,x) — ^^W4{A)k{9,x) given 

for all {9,x) G Vj^k (where Bj^k^y denotes the restriction of Bj^k to Y). Hence 
Bj^k{x') can be reconstructed from -^W4{A)j{9, x) — ^-W4{A)k{9, x) given for 
all {9,x) e Vj^k- 

Then let d = 3 and let / = 1..3 be fixed. Under conditions (5.1), Bj^k,i G 
Li(M^), for j, k = 1..3. Let p G be fixed. From (5.12b) and (5.13) we obtain 

^*(-^S2,3,Kp),-^5i,3,Kp),--^5i,2,/(p)) = (5-18) 
(27r)-3/2^*f/ e-'y'Pw4{^)2,3,iiO,y)dy, - [ e-'y'^W4{A\,z,i{9,y)dy, 

e-^^*^u;4(A)i,2,/(^,y)rfy^ 

for any ^ G S^ 9-kp = 0. The formula (5.18) implies (5.17a). To prove that (5.18) 
also implies (5.17b), we shall use the following 

Lemma 5.1. Under the conditions (5.1), {— TB 2 ^z^i{p)i J- B i^:^ ^i{p), —!FB 1^2, i{p)) 
p = 0, forpeR^. 

Lemma 5.1 and (5.18) imply (5.17b). 

Let m,n = 1,2,3 m ^ n. Using the injectivity of the Fourier transform and 
(5.17a) and (5.17b), we obtain that Bm,n,i is uniquely determined by W4{A,9,x) 
given for aU {9, x) G TS'^'K Since B 

m,n vanishes at infinity, we deduce that B^ ,fi 
is uniquely determined by W4{A, 9, x) given for all {9, x) G T§ ~^ . 

Proposition 5.3 is proved. □ 

Proof of Lemma 5.1. We define A : ^ R by 

X{p) = {-J^B2,3,i{p)^^B^,sAp)^-^Bi,2,iip))*P. P^{PuP2,P3) e M'- (5.19) 

Now we shall use the tempered distributions and shall denotes the Fourier 
transform of tempered distributions. Under conditions (5.1), defines a tempered 
distribution of S'{R^). 

From (5.2) and (5.19) it follows that 



< X{p), pipiP2J^A3 - pipip^T A2 - p2PiPiTA-i 

+ P2PlP7i^Ai ^PzPlPxT A2 -pzPlP2TAx, 4) > 

=0 (5.20) 

for (J) G iS(]R"^). Since Bra,n,i ^ -L^(]R'^) , TBra,n,i is a continuous function on 
for any m, n = 1,2,3. Thus A is continuous on R"^. From the continuity of A and 
(5.20), it follows that A = 0. 
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Lemma 5.1 is proved. □ 
Now we are ready to prove Proposition 1.2. We note that 

w^{A,e,x) = ^{w2{v,A,e,x)-w2{v,A,-e,x)), (5.21a) 

PV{0,x)0+ / / VV{sO + x)dsdT- / / W{sO + x)dsdT {5. 21h) 

Jo Jt J —ooJ —oo 

= ^{W2{V, A, 9, x) + W2{V, A, -9, x)), 

for {9,x) e T§'^~^ The formulas (5.21), Proposition 1.1 of [Jo] and Proposition 
5.3 imply Proposition 1.2. □ 

Remark 5.2. If wc replace the conditions (5.1) and the formula (5.2) by the 
conditions (4.11b), (4.11c) and (4. lid), then Propositions 5.1, 5.2, 5.3 and Lemma 
5.1 still hold. To prove Propositions 5.1, 5.2 and 5.3 under the conditions (4.11b), 
(4.11c) and (4. lid), we use the transversal gauge (given by (4.12)) and we follow 
Proof of Propositions 5.1, 5.2 and 5.3 under the conditions (5.1). To prove Lemma 
5.1 under the conditions (4.11b), (4.11c) and (4. lid), we use the transversal gauge 
A (given by (4.12)) and we note that (4.13a) implies that Aj defines a tempered 
distribution on (S(M'^) for i — l..d, and we follow Proof of Lemma 5.1 under the 
conditions (5.1). 
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